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2 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Section I

10 marks
Attempt Question [l to
Allow approximately 15 minutes for this section

Mark your answers on the answer grid provided (labelled as page [13]).

Questions Marks

1. Consider the following statement. 1
r>3orzx < —3
Which of the following is the negation of the statement above?

(A) z<3oraz>-3
(B) z<3and x > -3
(C) x<3orzxz>-3

(D) <3 and x > -3

2.  Which of the following is a sixth root of ¢? 1
(A) €i§ (B) e'd (C) T (D) eit2
3. For a certain complex number z where arg(z) = g, which of the following does 1

arg(z7) equal to?

7 3 27 3
A) —— B) —— — D) —
(a) -2 B) - © = o) 7
4. A particle of mass m is moving in a straight line with the following force acting 1
on it:

m
F=—(6-1
x3(6 0x)

Which of the following is an expression for its velocity in any position z, if the
particle starts from rest at x = 17

1

(A) U:i;\/_3+10$_7$2 (C) v—if\/—3+10w—7x2
V2

(B) v =+v22v—3 + 10z — 722 (D) v= 17\/—3 + 102 + 722

MONDAY 30 AUGUST, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) 3

5. The path traced out by a complex number z is shown on the Argand diagram 1
below.

Im

pN

Re
i<

Which of the following is the equation of the path traced by 27

(A) arg(z—i) —arg(z—1)=0 (C) arg(z+1i)—arg(z+1)=0
(B) arg(z—i)—arg(z—1) = (D) arg(z—i) —arg(z —1) = —m
6. Using the substitution = m — y, which of the following will the definite integral 1
/7r rsinx dx
0

simplify to?
(A) O (©C) 7T/ sinx dz
2 0

e 7_(_2
(B) / sinx dx D) —
0 (D) 4
V2
7. The vector v is given by v = 3 —1|. Which of the following is the correct 1

1
description of v?

(A) v makes an angle of 135° with the positive x—axis and 150° with the positive

y—axis.

(B) v makes an angle of 45° with the positive x—axis and 150° with the positive
y—axis.

(C) v makes an angle of 45° with the positive x—axis and 120° with the positive
y—axis.

(D) v makes an angle of 120° with the positive y—axis and 30° with the positive
zZ—axis.

NORMANHURST BOYS’ HIGH SCHOOL MONDAY 30 AUGUST, 2021



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

10.

Given that x,y € Z, where x,y > 0, which of the following is a FALSE statement?

(A) Ve (Jy:y==x) (C) Vo (Jy:y=1+2x)
(B) Iz (Fy:y=2—1x) (D) Jx(Vy:y=1-2x)

A particle is undergoing simple harmonic motion about a fixed point O. At time
t seconds it has displacement x metres from O given by x = acosnt for some
constants a > 0 and n > 0. The period of the motion is T' seconds.

What is the time taken by the particle to move from its starting position to a point
half-way towards O?

T
12

(A) (©) (D)

©|S
x|~
S

Which of these inequalities is FALSE? (Do NOT attempt to evaluate the integrals)

21 21 2 e L
(A) / d:r</ —dx (C) / e’ dac</ e dx
1 1+ 1T 1 0

5 sinx 31 s
®) ﬁr T dw<ﬁ e (D) /4tan2$d1‘</4tan3xdm
x z ; i

Examination continues overleaf. ..

MONDAY 30 AUGUST, 2021
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2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) 5

Section II

90 marks
Attempt Questions [I1] to
Allow approximately 2 hours and 45 minutes for this section.

Write your answers in the writing booklets supplied. Additional writing booklets are available.
Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (17 Marks) Commence a NEW booklet. Marks

(a) i. Prove that Vp € ZT, 2
If p? is even then p is even.

ii. Prove that v/2 is irrational. 3

(b) Suppose that n and n+ 1 are positive integers, neither of which is divisible by 3. 3

Prove that n® + (n + 1)3 is divisible by 9.

(c) The sequence x,, is given by
4 —+ In +
1 =1and xpy = for n € Z" where n > 1
+ xpn
i. Prove by mathematical induction that for n € Z™ where n > 1, 4
1+ a”
Ty =2 (1 — a")
1
where a = ——
3
ii. Hence find the limiting value of x,, as n — oo. 1
(d) It is given that a,b € RT.
i. If a4+ b= 6, show 2
1 n 1 S 2
a b3
ii. Ifa+0b=c, show 2
1 8
2R a

Examination continues overleaf. ..

NORMANHURST BOYS’ HIGH SCHOOL MONDAY 30 AUGUST, 2021



6 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 12 (16 Marks) Commence a NEW booklet. Marks
(a) The points A(1,—2,3) and B(—5,4, —1) lie on the line ;.
1 -3
i. Show that a vector equation of ¢; isr= | -2 ] +AX| 3 |, where A € R. 1
3 -2
ii. Consider a line 5 with parametric equations 3
z=1—p
y=2+4+3u where p € R
z=—14pu

Assuming /5 is neither parallel nor perpendicular to ¢1, determine whether
{1 and {5 intersect or are skew.

(b) A sphere S; with centre C'(—3, —5, 10) passes through the point with coordinates

A(3,-3,6).
i. Show that the vector equation of S is 1
-3
u— | -5||=2v14
10
ii. Write down the Cartesian equation of Sj. 1
iii. The vector equation of another sphere S5 is 2
-9
r— | 4 =+V14
7

Prove that the two spheres S7 and Sy touch each other at a single point.

iv. The vector equation of the line m is given as 3
—6 2
v=|-3]+X[1 where A € R
11 1

Find the value(s) of A if the line m intersects the sphere S; twice.

Examination continues overleaf...

MONDAY 30 AUGUST, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) 7

(c) In AABC below, D is the point on AC such that AD : DC =2 : 1. E is the
point on BC such that BE : EC =1 : 2.
C

F
A b B
When DF is extended, it meets the extension of AB at F. Let AB = b and
AC =c.
. — 2 1
i. Show that DEng—gg. 2
ii. Show that AF : BF =4:1 3

[Hint: You may assume that DF is a scalar multiple of DE , and AF is a
scalar multiple of AB]

Examination continues overleaf. ..

NORMANHURST BOYS’ HIGH SCHOOL MONDAY 30 AUGUST, 2021



8 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 13 (18 Marks) Commence a NEW booklet.

(a) It is given that z = 1 + i is a root of the equation 23 + pz? + qz + 6 = 0, where
p and q are real.

Find the value of p and gq.

(b) i. Using De Moivre’s theorem, or otherwise, show that for every positive

integer n,
n+2 nm

1+9)"+1—-9)" = (\/§> cos — =

ii. Hence, or otherwise, show that for every positive integer n divisible by 4,
n n n n n n n
—_ — = (— 4
(0)= ()= () -() =+ () - ()
Note: <n> ="C}
r

2 2
(c) Let p = cos 77r + i sin 77r It is given that the complex number o = p + p? + p?
is a root of the quadratic equation z? + ax + b = 0, where a,b € R.
i. Provethat 14+ pu+p’>+..+u8=0

ii. The second root of the quadratic equation is 5. Show with full working
that

B =’ 4+
iii. Find the values of the coefficients a and b.

iv. Deduce that

LT 2T
—sin — +sin — +siln — =

37T_ﬂ
7 7 7 2

Examination continues overleaf. ..

Marks

3

MONDAY 30 AUGUST, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) 9
Question 14 (12 Marks) Commence a NEW booklet. Marks
(a) Find 3
/ 4z 43
5 dx
(22 4+ 1)(z+2)
(b) i. Given n € Z*, show that 1
" /n
2n 2k
sec™ 0 = t 0
> (3)
k=0
ii. Hence find 2
/ sec® 0 do
[Hint: Write sec® 0 as sect § sec? ]
(c) i. By using a suitable substitution, or otherwise, evaluate 4
[
—dz
0 1— 22
ii. Hence using integration by parts, or otherwise, evaluate 2

V3

202 . —1
/ 3x“cos " xdx
0

Examination continues overleaf. ..

NORMANHURST BOYS’ HIGH SCHOOL
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10 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 15 (14 Marks) Commence a NEW booklet. Marks

(a) i. Find 2
/ln(1+az)dx

1

ii. Let]n:/ z"In (1 + x) de where n =0,1,2.... 3
0
Show that
NI, =2In2— —nl,_
(n+ 1)1, n g e
where n =1,2....
iii. Hence show that 4
1 1 1 1
DI, =1—=+4-—~4..—
(n+ Dl 2 3 1T T T
when n is odd.
(b) A particle is moving in simple harmonic motion with period T" about a centre
O. TIts displacement at any time ¢ is given by = = asin(nt), where a is the
amplitude.
i. Show that the velocity of the particle is 1
. 2am 27Tt
T=—cos|—
T T
ii. The point P lies D units on the positive side of O. Let V be the velocity 2

of the particle when it first passes through P.

Show that the first time the particle is at P after passing through O is

T tan-! 2w D
JR— a [
o\ yr

iii. If the second time the particle is at P after passing through O is t = to, 2
show that
¢ 27rt 21D
an | — =——
T VT

Examination continues overleaf. ..

MONDAY 30 AUGUST, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 16 (13 Marks) Commence a NEW booklet.

(a) A Dblock of mass 5kg is to be moved along a rough horizontal surface by a force
of magnitude F' newtons, inclined at an angle of 6 to the direction of motion,

where 0 < 0 < g

NOT TO SCALE

N F
A

!

!

!

!

I

/ v O
\
R e ———— 1 — 4 _

There is a frictional force of magnitude R newtons, which is proportional to
the normal reaction force of magnitude N newtons exerted on the block by the
surface, such that R = 0.2N. Take g = 10 ms~2.

i. Show that when the block is about to move,

50

F=——"__ newt
5cosf + sinf HEWLOns

ii. Calculate the minimum value of F' needed to overcome the frictional
resistance between the block and the surface.

Vo
subject to gravity and there is air resistance, which acts in the opposite direction
to the instantaneous direction of motion. The magnitude of the air resistance is
mkv, where v is the velocity of the projectile at any time ¢, and m is the mass
of the projectile.

(b) A projectile is launched from the origin with a velocity vector 1 = <u0>. It is

i. Show that the position vector of the projectile is given by

% (1= et

(4 3) -t

ii. Hence, or otherwise, find the Cartesian equation of the path of the
projectile.

End of paper.

NORMANHURST BOYS’ HIGH SCHOOL MONDAY 30 AUGUST, 2021
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BLANK PAGE
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2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) 13

Answer sheet for Section I
Mark answers to Section I by fully blackening the correct circle, e.g “@”

NESA STUDENT #: oo e

Class (please ¢)

O 12MXX.1 — Mr Sekaran O 12MXX.2 — Ms Ham

Directions for multiple choice answers

e Read each question and its suggested answers.
e Select the alternative &), ®), (O, or (®) that best answers the question.
o Mark only one circle per question. There is only one correct choice per question.

e Fill in the response circle completely, using blue or black pen, e.g.

@ & @ ©

e If you think you have made a mistake, put a cross through the incorrect answer and fill in
the new answer.

® ©® o @

e If you continue to change your mind, write the word correct and clearly indicate your
final choice with an arrow as shown below:

» ® o 8

correct

1I-® ® 0 O 6- ®» ® © ©
2- W ® © © T ® ® 0 0
3- ™ ® © © 8- w ® © ©
4- ®»w ® © ©® 9- ® ® © ©
5- W ® © © 0-® & 0 ©

NORMANHURST BOYS’ HIGH SCHOOL MONDAY 30 AUGUST, 2021
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2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

Sample Band E4 Responses

Section 1

1. (D) 2. (C) or (D)
6. (C) 7. (C) 8. (D)

© W
o
~—
—
o
o

Section II

Question 11 ()

(a)

(b)

i.

ii.

(2 marks)

v (1] for p? = (2m +1)3.

v' [1] for final conclusion with reasons

Assume p is odd. Then Im € Z™ such that p = 2m + 1.

pP=(2m+1)3
=8m? +12m? +6m+1
= 2(4m> + 6m? + 3m) + 1
= 2N + 1, where N = 4m? + 6m? + 3m

such that N € Zt. Hence p? is odd, which is a contradiction.
- If p3 is even then p is even.

(3 marks)

P
v’ [1] for cubing to get 2 = —
q
v [1] for deducing ¢ is even
v [1] for final conclusion with reasons

Assume /2 is rational.

V2 = p’ where p and ¢ are co-prime

q

o P
=3

q
2¢° = p°

If p3 is even, then p is even (proven in (i)).
Then 3k € Z such that p = 2k.

2¢° = (2k)°
2¢° = 8k*
q3 — 4k‘3

. ¢ is even, then ¢ is even.

Since both p and ¢ are even they are not co-prime, which is a contradiction.

. v/2 is irrational.

(3 marks)
v' [1] for explaining why n = 3k + 1
v [1] for getting n® + (n +1)3

LAST UPDATED OCTOBER 6, 2021

NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS 15

v' [1] for final conclusion with reasons

Since neither n nor n + 1 is divisible by 3, 3k € Z™ such that n = 3k + 1 or n = 3k + 2.
. If n =3k + 2 then n 4+ 1 = 3k + 3, which is divisible by 3.

Thus n and n 4+ 1 must be of the form 3k 4+ 1 and 3k + 2 respectively.

[n+ (n+1)](n° —n(n+1)+ (n+1)%

(2n+1)(n* +n+1)

= (6k +3)(6k*> + 12k +4+ 3k +2+1)
= (6K + 3)(6k* + 15k + 9)

= 9(2k + 1)(2k* + 5k + 3)

nd+(n+1)> =

which is divisible by 9, since 2k + 1,2k? + 5k + 3 € Z.

1] for proving the base case.

(c) i. (4 marks)
Vo
v' [2] for the inductive hypothesis, and for progress in using recurrence relation.
v' [1] for final conclusion.

Let P(n) be the proposition

e Base case: P(1):

LHS 1 =1

Wl | b

Hence P(1) is true.
e Inductive step: assume P(k) is true, k € Z™:

k
xk:2<1+a> vk € Zt

1—ak

LAST UPDATED OCTOBER 6,

NORMANHURST BOYS’ HIGH SCHOOL

2021



16 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

Prove P(k 4 1) is true:

44 g
1+ xp

T1 =

= k ...from the assumption
142 14+«
1—ak

4 —4a¥ 42+ 20"
- 1—ak+2+2ak

. P(k+1) is true.
By Mathematical induction, P(n) is true for n € Z* where n > 1.

ii. (1 mark)
Asa™ - 0asn— o0, x,—2.

(d) i. (2 marks)
v 1] forab<9
v [1] for showing the final result
Ifa+b=06,

a2 +b% > 2ab

(a+b)% > 4ab
62 > 4ab
ab <9
1
>
ab — 9

a+b

—_

ii. (2 marks)
1 4
v’ [1] for showing the final result

LAST UPDATED OCTOBER 6, 2021 NORMANHURST BOYS’ HIGH SCHOOL
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17

Ifa+b=c,

v

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED OCTOBER 6, 2021



18 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

Question 12 ()
(a) i. (1 mark)

N -5 1
AB=| 4 | — | -2
-1 3
—6
= 6
—4
-3
=21 3
—2
1 -3
.. A vector equationisr= | -2 | +A| 3 |, where A € R.
3 2

ii. (3 marks)

v' [1] for setting up three pairs of equations.
v’ [1] for values of A and p
o

1] for showing the lines are skew by substitution

1—-3X 1—p
rp=|-2+3A] andrg = [ 2+ 3pu

32\ 1+p
1-3\=1—-pu (1)
—2+32=24+3pu (2)
32\ =2+ 3y (3)

From (1), p =3\
Sub this into (2),

—2+32=249X
6\ = —4

Sub these into (3),

.. LHS # RHS, the lines are skew.

(b) i. (1 mark)
radius r = V62 + 22 + 42 = /56 = 2\/14

-3
.. The vector equation is ju— | =5 | | = 2V14
10

LAST UPDATED OCTOBER 6, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS 19

ii. (1 mark)

(
(x+3)2+ (2 +5)%+ (z — 10)% = 56
(

iii. (2 marks)
v' [1] for finding the distance between the two centres
v' [1] for showing the final result

Distance between the two centres (—3,—5,10) and (—9,4,7) is

V62 4+ 92+ 32 =126 = 314 = V14 + 2V/14

, which is the addition of two radii.
.51 and S touch each other at a single point.

iv. (3 marks)

v' [1] for equating the two vector equations
v' [1] for the quadratic equation
v

[1] for two values of A

—6 42X -3
Equate v= | =3+ X | and ju— [ -5||=2V14
11+ A 10

—6 42X -3
B3+A|—-[-5]|=2v14
11+ X 10

-3 42X

24+ || =2V14

14+ A

(=34+20)2+ 2+ M2+ (1+ N2 =214
9— 122 +4X2+ 4+ 4N+ X2+ 14+ 20+ A2 =56
6A% —6) —42=0

M-A-T7=0
= 14++v29
.. - 2
(c) i. (2 marks)
v [1] for CE
v' [1] for showing the final result
ey 1 ey

DnggandCB:b—g

- 9
CE = g(b—g
.DE=DC+CFE
1 2
= §£+ g(b—Q)
2 1
= gb— §£

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED OCTOBER 6, 2021



20 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

ii. (3 marks)
v' [1] for getting another expression of AF
v’ [1] for values of y and A
v’ [1] for showing the final result
Let ﬁ:)\zél—é:)\b and ﬁ:uﬁ: %(2]@—9 where A\, 1 € R.
Also

DO
|
=
DO

— — — 2
AF = AD + DF = gg—i—%(Zb—g) _

2 - 2
'.%annd?M:)\

4
=2and A= -
i an 3

o

3 ~ 3~

Sub)\zgintoﬁ:)\A—B)

3AF = 4AB
- 3AF = 4AB = 4(AF — BF)
AF = 4BF
SVAF:BF =4:1

Question 13 (Ham)

(a) (3 marks)
v' [1] for finding the third root

v [1] for value of p.
v [1] for value of q.

As P(x) has real coefficients, then any complex roots that appear also have its conjugate
appear as a root. Hence, 1 + i and 1 — i are roots of 22 + pz? + gz + 6 = 0. Let the third

root be a.

Product of roots:

Sum of roots,
(I+i)+1—-i)+(=3)=-p
Sp=
Sum of product of two roots,

(I+49)(1—9)—3(1+9)—3(1—-19)=gq
2—6=¢q
S.q=—4

Hence roots are 1 +£47 and 1 &+ 2¢.

LAST UPDATED OCTOBER 6, 2021 NORMANHURST BOYS’ HIGH SCHOOL



2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS 21

(b) i. (3 marks)

v [1] for correctly converting 1 +i and 1 —i to % form
v [1] simplifying 'F + e~'% to 2cos %T
v [

1] for showing the final result

(L4+0)" + (1 —d)" =

ii. (3 marks)
v' [1] for expanding using binomial theorem.
v' [1] for simplifying and equating with the expression in (i).
v o

1] for showing the final result

[0 (2)+ ()= ()] = () e s
— (v2)"" cosmr),  where n = 4m

1’ = cos2m + isin 27 = 1
W'—1=0
(=1 +p+p*+..+p% =0

Since

p#1l, 1+p+p*+.u5=0

ii. (2 marks)

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED OCTOBER 6, 2021



22 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

v [ for p=pm+p+7'
v' [1] for showing the final result.

Since « is a complex root, & is also a root.
f=a=p+ @2+t =n+n+p

Since

iii. (3 marks)
v’ [1] for value of a
v' [1] for expanding and simplifying of
v [1] for value of b

Using sum of roots,

a=—(a+pB)
= —(n+p® + 4+ pd)
=—(=1

1

Using product of roots,

b=ap

= (p+ 1+ ) (1 + 1 + 1)

S SR R SR SR SR ST
Ak Y75 S R RYTL N N RN AR

=3+ pu+pt+pd b
=2

iv. (3 marks)
v' [1] for solving the quadratic equation
v [1] for evaluating «
v’ [1] for showing the final result

The quadratic equation is now 2 + 2 +2 = 0.

—1+y1-38
2
1447
2

xr =

LAST UPDATED OCTOBER 6, 2021 NORMANHURST BOYS’ HIGH SCHOOL
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23

Consider o = p 4 p? + p4,

9 2m 4m 8
Im(p 4 p? + p*) = sin — + sin — + sin —
7 7 7
= 1.3228...
>0
=14V
2
Now equate the imaginary parts
,27T+,47T++,87T _27r+, 7T+ )
sin — + sin — sin — =sin — +sin | 71— — sm
7 7 7 7 7
2m n 3T m
=sin — +sin — —sin —
7 7 7
VT
o2
Question 14 ()
(a) (3 marks)
v [1] for values of A, B and C
v [1] for finding the primitive of [ —:_21 dx
v [1] for finding the primitive of [ P dx
4z + 3 Ax+ B C
Let Tt _ ATt + where A, B,C € R

(2 4+1)(z+2) 2241  z+2
dr+3=(Az+B)(z+2)+C(z*+1)

Let x = -2

—5=5C, C=-1
Let x =0

3=2B+C,B=2
Compare the coefficients of z2

0=A+4+C, A=1

/ dr +3 /JI+2 e
' (x2—|—1)$+2 x?+1 x—|—2

1
d
/m x2+1 z+2 v

1
= _In(z®+1)+2tan 'z —Injz + 2| +C

2

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED OCTOBER 6,

2021
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(b) i. (1 mark)

Il
=
Il 3 |
o
Ry
> 3
~_~
-t
Q
)
[\~
BN
Sa)

ii. (2 marks)
v' [1] for using (i) to change the integrand.
v o[

| for final answer.

/SGC8 0 do = /Sec6 0 sec? 0 db

/ (i (2) tan®* 9) sec? 0 df

k=0

V&
= <k> /tanzk 0 sec? 0 do
k=0
3
3) 1 2k+1
= tan 0+ C
— (k: 2k+1
(c) i. (4 marks)
v' 1] for transforming the differential.
v [1] for transforming both limits.
v' [1] for transforming integrand to an integrable form.
v’ [1] for final answer.
x =sinf
..dx = cos 0 df
Transforming the limits,
V3 ™
xr= — 0 = —
2 3
x=0 0=0
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25

T . 3
/3 i 9C089d9
o COS

3
= / (1 — cos®6)sind df
0

jus

3
:/ sin @ — sin 6 cos? 0 df
0

[ 00839]3
= |—cosf +

3 0
__l_i_i_ _1_’_}
2 24 3
_5
24

ii. (2 marks)
v' [1] for correctly integrating
[

1] for final answer

Question 15 ()

(a) i. (2 marks)
V' [1] for correct application of integration by parts
v [

1] for final answer.

/ln(l +z) dzx

u=In(l+z) v==x
1

du = dv =1
1+
x
In(1 dr = xIn(1 — d
/n( +z)dx = zIn(l + z) /1—1—37 x
1
=zln(1l -/ 1-
xIn(l + x) / 1+xdm

=zln(l+z)—z+In(l+z)+C
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I, = /x”ln(l +z) dx

u=z" v=(z+1)In(l+2z)—=z
du=nz""' dv=1In(1+z)

I, = [x" (xln(l +z)—xz+In(l+ x))};—n /01 :U”_l(xln(l +z)—z+In(l+ x)) dx

1
:2ln2—1—n/ 2"In(l1+ )+ 2" tin(l + ) — 2" dz
0

L 1
:2ln21n(In+In1)+n[ } (%)
0

n+1
:21nz—1+nil—nln—nln,1
—n—1
m+&ﬂﬁ:2m2+ﬁ%%T——nh4
(n+1)[n:21n2—n+1 —nly—1

iii. (4 marks)

v' [1] for an expression for I,,_1
1]
1] for calculating Iy
1]

v’ [1] for arriving at (15.1)
o
o

for showing the final result

(n+1)[n:2ln2—n+1—nln,1

—om2- — —(ome- Lo

=21In e n . n 2
1 1

= - — 1),
n—|—1+n+(” Vo
1 1 ;

= — — 2In2 — — 211173
n+1+n+ " n—1 (n )

1 1
=2In2— —— + - — — (n—2)I,_3

n+1 n n-1
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Since n is odd,

1 1 1 1

1
5, =2n2— ——+ — — e+ = — = — I 15.1
(n+ 1)1, n2— gttty D (15.1)
1
'.'Io—/ In(1+ z) dex
0
=[(z+1)Inz — 2|}
=2ln2 -1
1 1 1 1 1
: I, =2hr7 — - — et — = — (2171
(A Dl n+1+n n—l+ +3 2 ( )
PR S S O 1
N 2 3 4 77 n+1

(b) i. (1 mark)

x = asin(nt)

& = ancos(nt)

ii. (2 marks)

v [1] for equations (1) and (2)
v' [1] for showing the final result
Whent=t,, z=Dandazx=D,z=1V.

D = asin(nt;) (1)
V = ancos(nt;) -(2)

iii. (2 marks)
v' [1] for getting an expression for —V
v' [1] for getting the final result
Let the particle comes back to P at ¢ = t5. Then,

27
D =asin| —t (1
asin ( T 2) (1)
2am 2T
-V = T COS (Tt2> (2)
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1) + (2),

Question 16 ()

(a) i. (3 marks)
v 1] for (1)
v [1] for (2)

v [1] for showing the final result

Horizontal components:

Fcosf —02N =0 (1)

Vertical components:

N+ Fsinf —5g =0 -(2)

(1) + 0.2x(2),

Fcosf+0.2Fsinf = 5g x 0.2

F(cosf 4 0.2sin6) = 10

10
F=

cos 6 + gsine

50
" 5cosf +sinf
ii. (3 marks)
v' [1] for arriving at min F when 5cos 8 + sin 6 is max
v [1] for value of R
v’ [1] for final answer

Minimum F when 5 cos 6 + sin 0 is maximum.
Let 5cosf 4 sinf = Rcos(6 — «).

5cosf +sinf = Rcosacosf + Rsinacosd
Rcosa =5, Rsina=1

R=+26

Now 5cosf + sin @ = /26 (cos(f — «))
= The maximum value of 5cosf + sin 8 is /26

. Min F =

EE
(=)

(b) i. (5 marks)

v' [1] for an expression for v,
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v' [1] for an expression for x
v' [1] for an expression for §
v' [1] for an expression for v,
v" [1] for an expression for y

Horizontal component:

mi = —mkuy
dv,
P
1
/ —dv, = [ —kdt
U,

‘»when t =0, v, = ug

Ch =Inug
. In(vgy) = —kt + Inwuyg

In <%> = —kt
i

Vyp = qu—kt
Now
d
dit: = uoe*kt
T = ug / ekt dt
U0 kot
=—— C
2 e + Co
‘~whent=0,2=0
UuQ
Cy = —
Tk
_ U0, Y
T = i e + A
Ug ( —kt)
=2 (1=
. e
Vertical component:
mi = —mg — mkuvy
dv
a9k

1
[ oo == [
g+ kvy

fln\g—&-kvy\:—t—i-Cg
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" when t = 0,v, = vg

1
C3 = Eln]g+kvy|

,',t:—lln g+ kvy
k g—i—kvo
g—i—kvy:e,kt
g + kv
g+ kv, = (g + kvg)e ™
_9tkvo g
Y k k
Now
dy (g Kt 9
dt_<k+”°> k
9 UO) Kkt 9
= (Z+2 ~Jt+C
y <k2+l<: © e
whent=0,y=0
g Vo
Oy = 2 4+ 2
4 k:2+l<:
_ 9 UO) -kt 9 <g Uo>
=—(= 2t Z 4 =
y <k2+ ¢ P\t

ii. (2 marks)
v' 1] for an expression for t
v’ [1] for the final answer

From z = % (1 — e’kt) ,

1—67“—@
uQ

_ kx

ekt =12

uog

Sub this into y = (— + —) (1—e ") — %t
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